A Machian interpretation is introduced for MOND and its conceptual advantage is discussed.
It is well known that classical Newtonian dynamics fails on galactic scales. There is astronomical and cosmological evidence for a discrepancy between the dynamically measured mass-to-light ratio of any system and the minimum mass-to-light ratios that are compatible with our understanding of stars, of galaxies, of groups and clusters of galaxies, and of superclusters. It turns out that on large scales most astronomical systems have much larger mass-to-light ratios than the central parts. Observations on the rotation curves have turn out that galaxies are not rotating in the same manner as the Solar System. If the orbits of the stars are governed solely by gravitational force, it was expected that stars at the outer edge of the disc would have a much lower orbital velocity than those near the middle. In fact, by the Virial theorem the total kinetic energy should be half the total gravitational binding energy of the galaxies. Experimentally, however, the total kinetic energy is found to be much greater than predicted by the Virial theorem. Galactic rotation curves, which illustrate the velocity of rotation versus the distance from the galactic center, cannot be explained by only the visible matter.
This suggests that either a large portion of the mass of galaxies was contained in the relatively dark galactic halo or Newtonian dynamics does not apply universally.
The dark matter proposal is mostly referred to Zwicky (1957) who gave the first empirical evidence for the existence of the unknown type of matter that takes part in the galactic scale only by its gravitational action. He found that the motion of the galaxies of the clusters induced by the gravitational field of the cluster can only be explained by the assumption of dark matter in addition to the matter of the sum of the observed galaxies. Later, It was demonstrated that dark matter is not only an exotic property of clusters but can also be found in single galaxies to explain their flat rotation curves.
The second proposal results in the modified Newtonian dynamics (MOND), proposed by Milgrom, based on a modification of Newton's second law of motion (Milgrom, 1983) . This well known law states that an object of mass m subject to a force F undergoes an acceleration a by the simple equation F = ma. However, it has never been verified for extremely small accelerations which are happening at the scale of galaxies. The modification proposed by Milgrom was the following
where a 0 = 1.2 × 10 −10 ms −2 is a proposed new constant. The acceleration a is usually much greater than a 0 for all physical effects in everyday life, therefore µ(a/a 0 )=1 and F = ma as usual. However, at the galactic scale where a ∼ a 0 we have the modified dynamics F = m(
) leading to a constant velocity of stars on a circular orbit far from the center of galaxies.
Dark matter as the manifestation of Mach principle has also been considered as one of the solutions for the dark matter problem. According to Mach principle the distant mass distribution of the universe has been considered as being responsible for generating the local inertial properties of the close material bodies. Borzeszkowski and Treder have shown that the dark matter problem may be solved by a theory of Einstein-Mayer type (Borzeszkowski and Treder, 1998) . The field equations of this gravitational theory contain hidden matter terms, where the existence of hidden matter is inferred solely from its gravitational effects. In the nonrelativistic mechanical approximation, the field equations provide an inertia-free mechanics where the inertial mass of a body is induced by the gravitational action of the cosmic masses. From the Newtonian point of view, this mechanics shows that the effective gravitational mass of astrophysical objects depends on r such that one expects the existence of new type of matter, the so called dark matter.
Machian viewpoint and MOND
According to Mach, in any two-body interaction the influence of all other matter inside their causal sphere should be taken into account [3] . For instance, in the process of gravitational interaction of close objects one can replace the distant universe by a spherical shell of the effective mass M and the effective radius R. This shell may act as a gravitational Faraday cage inside of which a constant gravitational potential exists as
For an inertial particle the universal field E is zero
For accelerated particles, however, similar to the induction law in electrodynamics we have [5] 
where a is the acceleration vector and c is the light velocity. Considering a homogeneous and isotropic distribution of matter in the universe with the average mass density ρ one may write
where the volume V of the universe is considered as a sphere with the Hubble radius
Introducing the critical mass density
and using Eq.(6) we find the following relationship
Therefore, the condition (9) and hence the gravitational potential remains unchanged for all the history of the expanding universe [6] . The exertion of the gravitational field of the whole universe (5) on an accelerated particle with the gravitational mass m g due to (9) leads to the standard expression of the inertial force
where the concept of inertial mass m i , as Mach would desire, is appeared as the measure of the gravitational interaction of the particle with the whole universe as
The existence of a universal acceleration a 0 in the Milgrom's model of dynamics may reveal interesting relation between MOND and Mach Principle. It is well known that a 0 may be expressed in terms of the cosmological quantities G, M and R as
where use has been made of Eq.(7) and the Mach's empirical relation (9) or
The important point is that if a 0 as a cosmological quantity do exist physically, then it should become relevant for the particle dynamics once the particle is engaged with the cosmos subjected to a global expansion (with cosmological elements G, M , and R) where no internal structures with the local quantities are present. From Machian viewpoint this means that the particle will bear a 0 whenever it gravitationally "feels" the cosmos and engages with its global expansion.
It is obvious that a particle inside a local structure (for instance a galaxy) gravitationally "feels" the local quantities corresponding to the interior part of the structure which is observed at the location of the particle, for example the interior mass m(r) or the particle's distance r from the center of the galaxy. This is because the outer extent or the radius R 0 of that structure is not important to the particle inside the structure. In fact, the dynamics of this particle makes no difference, for example, between the two extreme situations: one in which the radius of the structure is much less than the radius of the cosmos, namely R 0 <<< R, another in which the radius of the structure is extended so large as the radius of the cosmos, namely R 0 ≈ R. In both cases, the particle dynamics is affected just by the interior section of that structure with the corresponding quantities m(r) and r no matter how big is this structure, so the outer radius R 0 appears as an indefinite quantity and hence there is no a definite gravitational concept of cosmos including some characteristics like M and R. Moreover, the particle inside the structure does not "feel" the dynamical expansion of the universe outside the structure. Therefore, as long as the particle is located inside the structure its dynamics is subjected to a censorship which prevents the particle dynamics to be affected by the expansion of universe.
However, when the particle leaves behind the whole structure, it is then exposed to the cosmos subjected to cosmological dynamics, that is to say the particle now "knows" the extent R 0 of that structure and "feels" the presence of the expanding cosmos through its characteristic acceleration
The physical existence of R 0 has the same importance as that of a 0 . Actually, the radius R 0 is the border of demarkation between the structure with its internal dynamics in one hand, and cosmos with its global expansion on the other hand. Crossing this borderline from structural region toward the cosmological region will manifest cosmological considerations to be imposed on the particle dynamics 1 . In other words, once the particle lies outside the structure a physical effect happens in that the indefinite quantity R 0 is now fixed to a given value which makes a demarkation between the internal structure dynamics and external cosmic expansion. If some fixed values for the gauge quantity R 0 would not exist, all the matter in the universe would then merge to one unit super-large structure with no definite extension. However, fixed values of R 0 provides a system (cosmos) of separate structures (galaxies) and this separation makes both R 0 and the radius of the cosmos R to be definite physical quantities. This is similar to a system of disjoint islands, in an ocean, each with a given radius. It is clear that a person walking inside the island has different experience than a person boating inside the sea. The rules of motion (walking and boating) are not the same! Following this idea and using dimensional grounds together with Eq.(9), we may choose different cases
so that the inertial properties of a particle inside and outside of the structure would be different. Note that use of Eq.(9) for the particle inside the structure does not mean that this particle "feels" directly the full characteristics of the cosmos and its dynamics, rather it means that these global characteristics like M and R are replaced, through Mach's empirical relation (13), by the local property of the constancy of the light velocity c, so the particle just "feels" directly the constant velocity of light rather than the entire cosmos. This is the essence of the previously mentioned (Mach) censorship which prevents the local dynamics inside the structure to be affected directly by the global dynamics of the cosmos. This censorship indeed translates the global cosmic expansion to the principle of local lorentz invariance which the particle has to obey.
It is well known that inside the structures there is no notion of cosmological dynamics and its internal dynamics is governed by some local quantities like mass m(r) and distance r, so for r < R 0 we have just a local physical acceleration a in the definition of the inertial force F , and the inertial mass m i is locally equal to the gravitational mass m g in agreement with strong gravitational equivalence principle. Outside the structure, however, we have an important cosmological dynamics and it is expected that the particle dynamics outside the structure would be inevitably affected by this external dynamics. Therefore, acceleration a 0 as a cosmological dynamical quantity should play the role along with the local acceleration a, so for r > R 0 we have the quantity depends on the comparison between a and a 0 . Although, for most of the astronomical cases this comparison leads to good agreement with observations, but it is hard to believe why the condition a ≤ a 0 for all these different astronomical cases always meets the condition r ≥ R 0 , so that the rotation curve becomes flat for r ≥ R 0 independent of the radius R 0 of the structure. In principle, there is no guarantee that for all typical galaxies with different R 0 a particle with arbitrary acceleration a ≤ a 0 falls always in the outside region r ≥ R 0 to produce a flat rotation curve.
In this Machian interpretation, however, the criteria for using F = m i a or F = m i a 2 a 0 depends naturally on the comparison between r and R 0 , so that the rotation curve becomes flat for r ≥ R 0 simply because the inertial mass of the particle changes from m i = m g into m i = m g a 0 a due to the switch from structural region of galaxies to expanding region of cosmos. This latter property written as the balance equation m i a = m g a 0 indicates that outside the structure the inertial mass m i of a particle depends on a and a 0 . For a given acceleration a the inertial mass m i is a measure of its gravitational interaction with the cosmos m g a 0 and decreases through a 0 by the expansion of the universe.
It is worth noticing that such a demarkation between F = m i a and F = m i a 2 a 0 makes no problem in the Newtonian cosmology. In the Newtonian cosmology the universe is considered as a global super structure with the radius R being made of point like galaxies. Therefore, each galaxy as a particle (with no internal structure) lies inside this super global structure and there is no outer region to this structure (universe) so that for a given galaxy we have inevitably r < R and hence according to the first assumption in (14) the common definition of inertial force F = m i a is applied which leads to Friedmann equation.
